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pressure and exhaust pressure at the end of the stroke as tem-
perature increases.

For space power cycles, a more important parameter than
thermal efficiency is system weight. Since the major part of
the system is radiator weight, turbine and piston were com-
pared with regard to a radiator weight factor, (1 — rf)/r]T^,
which is normalized to a given design. It represents the area,
and hence weight, needed to reject the waste heat from the
cycle. Figure 4 shows the effect of varying condenser tempera-
ture on this factor for a fixed boiler temperature of 2400°F.
There is a minimum in the curve because rj —> 0 as Tc ~^ TB
and Tc

4 —>• 0 as Tc —>• 0. The minimum weight for the turbine
expansion corresponds to a piston expansion of Vp/Vo = 5/1.
However, a piston expansion of V-p/Vo of 2/1 adds only 15%
more weight, because the lower efficiency is offset by a higher
condenser temperature.

Figure 5 shows the locus of all the minimum radiator
weights for different expansions and boiler temperatures.
Again note that a piston expansion of 2/1 closely approaches
a turbine expansion. A 2/1 expansion MHD generator would
weigh about 0.65 lb/kw(e) as compared to 0.5 lb/kw(e) for
the constant pressure generator.

Thus, piston devices of low expansion ratios, e.g., 2/1, can
approach, within a few percent, thermal efficiencies and sys-
tem weights of turbines for Rankine alkali metal space power
cycles.
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A Simple Approach to the Multicom-
ponent Laminar Boundary Layer

A. CASACCIO* AND S. COUSINt
Republic Aviation Corporation, Farmingdale, N. Y.

OWING to the difficulties usually encountered in numerical
solutions of the boundary-layer equations, there exists a

necessity for approximate methods by which one may obtain
over-all boundary-layer characteristics. One of the more
prominent approaches to this problem is to consider that the
flow is locally similar. The validity of the approach relies on
the condition that the properties of the fluid at the external
and body-surface boundaries are slowly varying functions of
the streamwise coordinate.

The method presented herein is based on this local similar-
ity premise as applied to the multicomponent laminar
boundary layer with either frozen or equilibrium chemistry
prevailing. Accordingly, it is possible to transform the
governing conservation equations to the form
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(Czi'Y +fzi = 0
by utilizing the Levy-Lees transformation

(2)

(3)

P= Jo r, =

and considering unit values of the Prandtl and Lewis numbers
and Tie equal to a constant.

In order to obtain a solution for the system [Eqs. (1-3)], it
is necessary to specify the coupling existing between the
density and enthalpy. If, in accordance with the approach of
Ref. 1, a new parameter $(ry) is introduced, defined by

(4)

(5)

(6)
(7)
(8)

and an empirical relation of the form

pe/p = (1 - /c)/'2 +

is adopted, there results for Eqs. (1-3)

/'" + //" - ft(r -

subject to conditions

/(O) = /'(O) = 0
/", 0 as

(9)
(10)

when it is assumed that C = p/z/p*/** = 1 and ft — (2/c£/^e) X
(due/dQ is a constant. It is evident from Eqs. (7) and (8)
that a Crocco-type relation exists between (/>(??) and z f a ) ,
i.e.,

z> = [I/ (I - «»)][(*« - 0.) + (1 - O«] (H)
and that the solutions to Eqs. (6) and (7) subject to boundary
conditions (9) and (10) are those given by Cohen and Re-
shotko.2 The constants X and K of Eqs. (4) and (5) are to be
determined by insuring the satisfaction of Eq. (5) at as many
points in the boundary layer as possible.

Fitting the Density Ratio

Since Eq. (5) is identically satisfied at the outer edge of the
layer, X and K can be evaluated by matching the density and
its derivative at the body surface. Hence, there results1

X = (hw/He) - (cPw/awHe)

(P./P»)[1 + (aw/cpw)(He - hw)}

(12)

(13)
where

(14)
Consistent with the local similarity assumption, X, K, and ft,

which are in general functions of streamwise location, are con-
sidered locally to be specific constants varying from each
locally similar section to the next. The history of the down-
stream flow is retained only in the £ dependence of the simi-
larity parameter 77. Furthermore, heat-transfer correlations
have indicated that the reference conditions should be based
on the local reference enthalpy value, which is compatible with
the local similarity approach.

Specification of the Physical Pressure Gradient

Using the momentum equation at the outer edge and the
transformation conditions, it is possible to express ft according
to

dp
ds

(15)
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For the equilibrium flow case, the thermodynamic and
transport properties involved in Eq. (15) can be evaluated
according to the air model suggested in Ref. 3. Thus

(16)- 0.0213

where

2 _h
,H.uS
'hE 2He

(17)
and where the quantities pr, Mr, pr, and hs are constants.3
Furthermore, by considering local hypersonic flow (ue

2 ~
2He), constant wall enthalpy (thus h* = const), and a pressure
variation in the physical plane governed by p ~ sn where

= f*Jo r^ds

it is possible to show that

PeHe \0.992n

Using the relationships given in Ref. 3, there results for
<XW/CPW the relation

\-0.3877

- 0.0477]
(19)

which implies that (aw/cPv) is a constant since (hw/hE) is
constant. In addition, for wall temperatures of practical in-
terest (cold wall), the mole fractions of the dissociated air
species at the wall are virtually independent of pressure in the
range (0.001 < p < 10 atm). Accordingly, the molecular
weight at the wall is a constant as are the species enthalpies,
temperature, and pressure-density ratio. As a result

RTW = const (20)

for specific values of n. For the temperature and pressure
range mentioned previously, (Tw/Ww)(dW/dT)p,w « 0,
thereby reducing the general expression for the coefficient of
thermal expansion at the wall to aw ~ l/Tw. Consequently,
Eq. (20) becomes

or

ft = -(1 - \)[(yew - l)/7«,][n/(0.992n + 1)] (22)

if jew is defined as

= cpw/[cpw- (R/WW)] (23)

Since X = 0 and jew = 7 = 1.4, for an ideal single component
gas, it is seen from Eq. (22) that & reduces almost exactly to
the well-known perfect gas relationship. The factor 0.992
appears instead of unity because the expression used for pju
does not reduce exactly to its ideal gas counterpart.

For the frozen flow case, the evaluation of /3 differs since the
species concentrations are no longer unique functions of pres-
sure and temperature but must be evaluated in accordance
with Eq. (11). In general, from kinetic theory

266.93 3_~7 pW
R

V GikT (24)
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Fig. 1 Laminar skin-friction coefficient vs x/L on 50-ft
flight vehicle at Mach = 20 and 154,000 ft.

where e; is the depth of the potential well in the Lennard-
Jones potential, k is Boltzmann's constant, o>i is the collision
diameter, Ti are the species mass fractions, and

11/2

The reduced collision integral 0(2'2), with the use of the
Lennard- Jones interparticle potential function, has been re-
placed by n(2^} = ATia where it was found that, for the
range (1.0 < Ti = kT/et < 400), a very good representation
of this integral is obtained by using A = 1.153 and a =
— 0. 1459. From the general relationship given by Eq. (24)
it is evident that functionally P*JJL* = pv(p, T*,Ti*).

If the frozen composition is composed of s species of which
e are the basic undissociated constituents, then the atom con-
centrations across the boundary layer are given by

zi = Ti/Tie = (g - g = H/He

(i = 1, 2, . . ., s - e) (25)

for the catalytic wall case, and Ti = Tie (i = 1, 2, . . ., s — e)
for the noncatalytic wall case. By relating Eq. (17) to the
enthalpy- velocity relation at the reference state it can be
shown that

g* = id - gj
As a result, the reference concentrations become

Ti* = (Tie + Tiw)/2 (i = 1, 2, . . ., e)

(26)

= Tie/2 (i = 1, 2, 0 (27)
., s) for thefor the catalytic wall and Tt-* = Tie (i = 1, 2,

noncatalytic wall.
Since it has been shown already that TiW, Tt-c, and h* are

constants, it follows that T»# and T* are also constants.
Accordingly, p*/x* becomes expressible as p*M* = K&P, where

266.MX

+ (28)

is constant for each species. With this result it is possible to
show that

= -a - R
/; Wwcp
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Fig. 2 Laminar heat-transfer parameter \s x/L on 50-ft
flight vehicle at Mach = 20 and 154,000 ft.

by following a similar procedure as outlined for the equi-
librium flow case. In Eq. (29)

X, = (l/He}(hw - cpwTw)

T/ /£ cpiXi - R\ = £ CpiXt

and

Numerical Example

In Figs. 1 and 2 heat-transfer and skin-friction results ob-
tained by the present method are compared with those of the
more exact numerical equilibrium flow procedure of Ref. 4.
The calculation was performed for an axisymmetric sharp-
nosed compression body characteristic of a supersonic ramjet
inlet forebody for flight conditions corresponding to M „ = 20
at 154,000 ft and for a wall temperature of 2300°R. Al-
though the local similarity concept is restricted to flows with
slowly varying external properties, its accuracy for the body
contour considered proved to be remarkably good despite the
limitations imposed on the Prandtl and Lewis numbers and
on the variation of PJJL. For the conditions considered, very
little difference was observed between the frozen flow results,
for both catalytic and noncatalytic surfaces, and those of the
equilibrium case. The only appreciable difference noted be-
tween the two calculations occurs near the end of the compres-
sion surface where the dissociation level is highest. This is
not surprising, since for slender shapes the dissociation level
in the stream is quite low, thereby minimizing the difference
between the frozen and equilibrium assumptions. A com-
plete development of the present method, together with
additional numerical results and comparisons, is available in
Ref. 5.
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Hypersonic Boundary-Layer Transition
Data for a Cold-Wall Slender Cone
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cp
M
q
r
Rem

Res

Nomenclature

specific heat at constant pressure
Mach number
heat-transfer rate
nose or body radius
Reynolds number per foot based on freestream condi-

tions
Reynolds number based on local properties and on dis-

tance along surface from stagnation point or tip =

Si =
s =

T =
u =
fj, =
p =

Stanton number = qw/peuecp( TAW — TW)
distance along surface from stagnation point or tip of

body
absolute temperature
velocity component along the body
coefficient of absolute viscosity
mass density

Subscripts
AW = adiabatic wall
B = body
e = local flow at edge of boundary layer
N = nose
t = transition
w = wall value
0 = stagnation value in freestream
oo = freestream static values

Introduction

SOME recent experimental data are presented concerning
the effect of wall-cooling, nose-bluntness, and roughness

elements on the transition of the hypersonic boundary layer
on a slender cone. This data constitutes an extension to
higher Mach numbers of available information on boundary-
layer transition recently compiled and presented in Ref. 1 .

Nose blunting and wall cooling are known in some cases to
alter significantly the location of transition, giving rise to the
phenomenon of transition reversal. The location of transi-
tion has important ramifications in vehicle design, in that it
affects the local heat-transfer rate to the body surface, the
skin-friction drag, and the susceptibility of the boundary
layer to separation. In the design of hypersonic inlets, both
the state of the boundary layer and transition location have a
significant influence on the inlet performance. The data pre-
sented here comprise part of the results obtained in the ex-
perimental investigation of hypersonic inlet performance re-
ported on in Ref. 2.

Discussion

The model used in the investigation was a right-circular
cone configuration having a semivertex angle of 5° and a
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